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Hydrodynamic of Active Liquid Crystals: A Hybrid
Lattice Boltzmann Approach
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and J. M. Yeomans3

1Dipartimento di Fisica and Sezione INFN, Universita’ di Padova,
Padova, Italy
2SUPA, School of Physics, University of Edinburgh, Edinburgh, Scotland
3The Rudolf Peierls Centre for Theoretical Physics, Oxford, England

Active gels or active liquid crystals are soft materials which are driven out of equi-
librium by their continuum use of chemical energy. Physical realisations of active
gels are solutions of cytoskeletal filaments with molecular motors, and concen-
trated suspensions of bacterial swimmers. Here we focus on the active nematic
phase which is exhibited by these materials, and study their hydrodynamics when
confined in a slab of a finite height. We solve the hydrodynamic equations of
motion by means of a hybrid lattice Boltzmann algorithm. The homogeneous flow
is known to be unstable for sufficiently large activity, leading to a state with spon-
taneous flow in steady state. We characterise the form of this flow in 1 and 2
dimensions with extensile and contractile flow aligning materials.

INTRODUCTION

Active viscoelastic gels and active liquid crystals are a challenging class
of soft materials that have recently attracted a lot of theoretical and
experimental attention [1–5]. They differ from their passive counter-
parts in the crucial respect that they continuously burn energy, e.g.,
from chemical reactions, which drives them out of thermodynamic equi-
librium even in steady state. Examples of passive viscoelastic fluids are
polymeric fluids, rubber, molten plastics etc. Examples of active gels
are cytoskeletal slabs [6,7], biomimetic systems [8] or solutions of
molecular motors such as dyneins or myosins and microtubules or actin
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fibers [6–11]. In these solutions the molecular motors interact with
actin or microtubules by exerting forces and or torques on them, cre-
ating motile and transient cross-links etc. It is the presence of the mol-
ecular motors, which are able to use chemical energy to perform
mechanical work, which renders these viscoelastic polymeric fluids
‘active’. The source of chemical energy in such active gels typically
comes from ATP hydrolysis (there is estimated to be � 15 kBT worth
of biochemical energy from each ATP hydrolysis reaction).

Activity imparts non-trivial physical properties. Perhaps the most
striking is that spontaneous flow can exist in non-driven active
materials [1–5], in sharp contrast to their passive liquid crystalline
counterparts. Thus such materials, while always remaining active in
a microscopic sense, can undergo a phase transition from a passive
phase (where activity is macroscopically incoherent) to an active phase
(exhibiting spontaneous flow). Furthermore, many biological gels,
such as actin and neurofilament networks, thicken when sheared
[12]. This is the opposite of the typical behaviour of viscous polymeric
fluids such as molten plastics, which flow more easily as pressure
increases. Activity has been suggested to be amongst the possible
causes of this peculiar flow response [4,13].

In this paper we present a series of hybrid lattice Boltzmann simu-
lations of the hydrodynamic equations of motion of an active nematic
liquid crystal. Numerical methods are needed in this, as the insight
which is possible to obtain analytically is limited although important.
For instance, it has been possible to theoretically predict [2] by ana-
lytic methods the existence of an activity-induced transition between
a passive phase with no local flow to an ‘active’ phase, in which the
fluid is flowing at steady state. However, as the techniques used thus
far essentially allow a stability analysis of the problem in selected geo-
metries, it is not possible to predict e.g., the flowing and director field
patterns deep in the active phase, away from the transition to spon-
taneous flow. Furthermore, using a numerical method allows us to
consider more detailed forms for the equations of motion. Thus here
we extend the vector polarisation model considered analytically in
Refs. [1,2], to a tensorial equivalent (similar to the one introduced in
Refs. [3,4]), which allows us to study situations in which the order
parameter is not constant throughout the sample so that defects are
automatically incorporated, as is flow-induced or paranematic order-
ing. We can also describe biaxial ordering.

We consider the specific case of a material that is sandwiched
between two infinite parallel planes placed at mutual distance L and
at which the director field is anchored along one of the directions
in the plane (homogeneous anchoring). If translation invariance along
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the plane directions is assumed a quasi-1D geometry is studied. With
this geometry we observe a phase transition between a passive and an
active phase when the ‘‘activity’’ f, a parameter which measures
the coupling between pressure tensor and order parameter, exceeds
in absolute value a finite threshold. We estimate the active phase
diagram for different values of L and show that the critical activity
scale as L�2 for this geometry.

Finally, we consider a quasi-2D case of an extensile flow-aligning
active liquid crystal film, wrapped on a cylindrical surface (i.e., with
periodic boundary conditions). Our simulations show that there are
additional instabilities in this geometry. Spontaneous flow this time
appears as convection rolls, which, deeper in the active phase, transi-
ently increase in number and eventually split up leading to a highly
distorted flowing director field pattern.

Interestingly, while for quasi-1D systems and flow aligning materi-
als the transition to a steady state with a spontaneous flow exists only
for extensile rods, in the quasi-2D case it occurs also for sufficiently
contractile ones. (Here ‘‘extensile’’ means tending to propel fluid out-
wards along the long axis or molecular director n, drawing it in
radially on the midplane, while ‘‘contractile’’ means the opposite [4].)

MODELS AND INTEGRATION METHODS

Equations of Motion

We consider the formulation of liquid crystal hydrodynamics given by
Beris and Edwards [14–16], generalized for active liquid crystals.

The equations of motion are written in terms of a tensor order
parameter Q which is related to the direction of individual molecules,
n̂n, by Qab ¼ n̂nan̂nb � 1=3dab

� �
where the angular brackets denote a

coarse-grained average and the Greek indices label the Cartesian
components of Q. The tensor Q is traceless and symmetric. Its
largest eigenvalue, 2=3q; 0 < q < 1, describes the magnitude of the
order.

The equilibrium properties of the liquid crystal in its passive state are
described by a Landau-de Gennes free energy density. This comprises a
bulk term (summation over repeated indices is implied hereafter),

F b ¼
A0

2
1� c

3

� �
Q2

ab �
A0c
3

QabQbcQca þ
A0c
4
ðQ2

abÞ
2; ð1Þ

which describes a first-order transition from the isotropic to the nematic
phase at c¼ 2.7, together with a distortion term, which we take in a
(standard) one-constant approximation as [17]
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Fd ¼
K

2
ð@bQabÞ2; ð2Þ

In the equations above, A0 is a constant, c controls the magnitude of
order (it may be viewed as an effective temperature or concentration
for thermotropic and lyotropic liquid crystals respectively), while K is
an elastic constant.

The anchoring of the director field on the boundary surfaces (see
Fig. 2) is ensured by adding a pinning term

fS ¼
1

2
W0ðQab �Q0

abÞ
2 ð3Þ

with Q0
ab typically of the form

Q0
ab ¼ S0ðn0

an0
b � dab=3Þ: ð4Þ

The parameter W0 controls the strength of the anchoring, while S0

determines the magnitude of surface order. If the surface order is
equal to the bulk order (as is the case in the simulations reported
here), S0 should be taken equal to q, the order parameter in the bulk.
In what follows we will consider strong anchoring (W0 large).

The equation of motion for Q is [14]

ð@t þ ~uu � rÞQ� SðW;QÞ ¼ CHþ kQ ð5Þ

where C is a collective rotational diffusion constant, and k is an
‘activity’ parameter of the liquid crystal.

The first term on the left-hand side of Eq. (5) is the material deriva-
tive describing a quantity advected by a fluid with velocity ~uu. This is
generalized for rod-like molecules by a second term

SðW;QÞ ¼ðnDþ xÞðQþ I=3Þ þ ðQþ I=3ÞðnD� xÞ
� 2nðQþ I=3ÞTrðQWÞ ð6Þ

where Tr denotes the tensorial trace, while D¼ (WþWT)=2 and
x ¼ ðW�WTÞ=2 are the symmetric part and the anti-symmetric part
respectively of the velocity gradient tensor Wab ¼ @bua. The constant n
depends on the molecular details of a given liquid crystal. In our con-
text increasing n tends to disfavour tumbling and favour aligning of
the director in the material. The molecular field H in Eq. (5) is given
by H ¼ � dF

dQþ ðI=3ÞTr dF
dQ where F ¼ F b þ Fd. The term proportional

to k is specific of an active material and describes the self-alignment
contribution due to the adsorbed (internal or external) energy.

The fluid velocity, ~uu, obeys the continuity equation and the
Navier-Stokes equation,
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qð@t þ ub@bÞua ¼ @bðPabÞ þ g@bð@aub þ @buaÞ; ð7Þ

where q is the fluid density, g an isotropic viscosity and
Pab ¼ Ppassive

ab þPactive
ab Ppassive

ab is the stress tensor necessary to describe
ordinary liquid crystal hydrodynamics:

Ppassive
ab ¼� P0dab þ 2n Qab þ

1

3
dab

� �
QcEHcE

� nHac Qcb þ
1

3
dcb

� �
� n Qac þ

1

3
dac

� �
Hcb

� @aQcn
dF

d@bQcn
þQacHcb �HacQcb: ð8Þ

The P0 term is, to a good approximation, constant in the simulations
reported here. The active term is given by

Pactive
ab ¼ �fQab; ð9Þ

where f is another ‘activity’ parameter [1,2,4]. Note that with the
sign convention chosen here f> 0 corresponds to extensile rods and
f< 0 to contractile ones [4]. As in Eq. (5), the contribution of activity
to the stress tensor entering Eq. (7) is considered at the lowest in
Q and has been previously proposed on the basis of symmetry, and
of the analysis of a fluid of contractile or extensile dipolar objects
in [4]. A similar term can also be derived by coarse graining a
more microscopic model for a solution of actin fibers and myosins as
in Ref. [5].

Clearly, the model above reduces for k¼ f¼ 0 to the Beris-Edwards
model for liquid crystal hydrodynamics. For uniaxial active liquid
crystals, the director field ~nn is well defined through Qab ¼ 3q
ðnanb � dab=3Þ=2. In this limit our model can be shown to reduce to
the vectorial model considered in [1,2,18]. In particular the analytical
prediction of the phase boundary in the (f, k) plane, for an active
nematic confined between parallel planes at separation L, found in
Ref. [2], becomes for our model

fL2¼ 12p2Kð12sf C�5 �nq2�14 �nqþnþn2q2þ4 �n2þ4 �n2qþ9 �q2Þ
9ðnqþ2 �n�3 �qÞ :

ð10Þ

From Eq. (10) it is apparent that the critical activity threshold beyond
which spontaneous flow is found scales like L�2, and thus vanishes for
an infinite system. Note that the dependence on k of the phase bound-
ary is indirect, via q.
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To fully understand the physical origin of the phenomenological
couplings f and k, as well as of the range of values these may attain
in physically relevant situations, a multi-scale modelling at different
coarse graining levels and more accurate quantitative experiments
are required. However, experiments already show that actomyosin
gels are contractile, so that in physiological conditions those materials
should be described by negative values of f [19]. The term proportional
to k has been proposed in Ref. [4] as a symmetry allowed term which,
for dilute bacterial suspensions, should be negative and proportional
to the inverse of the time scale for relaxation of activity-induced order-
ing. In Ref. [2] it was pointed out that, instead, k> 0 when describing
concentrated actomyosin gels and other systems which display zipping
or other self-alignment effects (this is relevant for the cases considered
in [20]).

The Hybrid Lattice Boltzmann Algorithm

The equations of motion (5) and (7) can be integrated numerically by
implementing a generalization [13] of the Lattice Boltzmann (LB)
algorithm [21] introduced in Ref. [22] and successfully used to study
a number of problems in the hydrodynamics and rheology of a passive
liquid crystal.

Here we use a different approach in which Eq. (5) is solved via a
finite difference predictor-corrector algorithm, while the lattice
Boltzmann algorithm is devoted to the integration of the Navier-
Stokes equation, (7). With respect to a full LB approach [22,23],
the primary advantage of this hybrid method is that it will allow
simulations of larger systems as it involves consistently smaller
memory requirements. Indeed, while in a full LB treatment one
has to store 6 sets of 15 distribution functions at any lattice point
(if we choose the 3DQ15 velocity vector lattice [21] as we do here
(see Fig. 1)), in the hybrid approach just one set of distribution
functions plus the five independent components of the Q tensor
are needed. The hybrid method is also numerically more stable
since it avoids the error term arising in the Chapman-Enskog
expansion used to connect the LB model to the order parameter
evolution equation in the continuum limit [23].

Let us describe first how to integrate the Navier-Stokes equations
by the Lattice Boltzmann algorithm. This is defined in terms of a
single set of partial distribution functions, the scalars fið~xxÞ, that sum
on each lattice site ~xx to give the density. Each fi is associated with a
lattice vector~eei [22]. We choose a 15-velocity model on the cubic lattice
with lattice vectors (see Fig. 1):
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~ee
ð0Þ
i ¼ ð0; 0; 0Þ ð11Þ

~ee
ð1Þ
i ¼ ð�1; 0; 0Þ; ð0;�1; 0Þ; ð0; 0;�1Þ ð12Þ

~ee
ð2Þ
i ¼ ð�1;�1;�1Þ: ð13Þ

The indices, i, are ordered so that i¼ 0 corresponds to ~ee
ð0Þ
i ; i ¼ 1; . . . ; 6

correspond to the ~ee
ð1Þ
i set and i ¼ 7; . . . ; 14 to the ~ee

ð2Þ
i set.

Physical variables are defined as moments of the distribution
functions:

q ¼
X

i

fi; qua ¼
X

i

fieia: ð14Þ

The distribution functions evolve in a time step Dt according to

fið~xxþ~eeiDt; tþ DtÞ � fið~xx; tÞ ¼
Dt

2
½Cfið~xx; t; ffigÞ þ Cfið~xxþ~eeiDt; tþ Dt; ff �i gÞ�:

ð15Þ

This represents free streaming with velocity ~eei followed by a colli-
sion step which allows the distributions to relax towards equilibrium.

FIGURE 1 The 3DQ15 velocity vector lattice used in our lattice Boltzmann
algorithm.
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The f �i ’s are first order approximations to fið~xxþ~eeiDt; tþ DtÞ, and
they are obtained by using Dt Cfið~xx; t; ffigÞ on the right hand side of
Eq. (15). Discretizing in this way, which is similar to a predictor-
corrector scheme, has the advantages that lattice viscosity terms are
eliminated to second order and that the stability of the scheme is
improved [23].

The collision operators are taken to have the form of a single relaxa-
tion time Boltzmann equation, together with a forcing term

Cfið~xx; t; ffigÞ ¼ �
1

sf
ðfið~xx; tÞ � f eq

i ð~xx; t; ffigÞÞ þ pið~xx; t; ffigÞ; ð16Þ

The form of the equations of motion follow from the choice of the
moments of the equilibrium distributions f eq

i and the driving terms
pi. Moreover, f eq

i is constrained by

X
i

f eq
i ¼ q;

X
i

f eq
i eia ¼ qua;

X
i

f eq
i eiaeib ¼ �rab þ quaub ð17Þ

where the zeroth and first moments are chosen to impose conservation
of mass and momentum. The second moment of f eq is determined by
rab, which is the symmetric part of the stress tensor Pab, not including
the double gradient term, @aQcn

dF
d@bQcn

. The divergences of sab and of
@aQcn

dF
d@bQcn

instead enter effectively as a body force:

X
i

pi ¼ 0;
X

i

pieia ¼ @bsab � @b @aQcn
dF

d@bQcn

� �
;
X

i

pieiaeib ¼ 0;

ð18Þ

where sab denotes the anti-symmetric part of the stress tensor.
Conditions (17)–(18) are satisfied by writing the equilibrium

distribution functions and forcing terms as polynomial expansions in
the velocity.

f eq
i ¼ As þ Bsuaeia þ Csu

2 þDsuaubeiaeib þ Esabeiaeib

þ Ps@b sab � @aQcn
dF

d@bQcn

� �� �
eia; ð19Þ

where s ¼ ~ee 2
i 2 f0; 1; 2g identifies separate coefficients for different

absolute values of the velocities (i.e., s denotes the absolute value of
the square of the velocity vectors).

The coefficients in the expansion are (in general non-uniquely)
determined by the requirements that these constraints are fulfilled.
A possible choice is given below:
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A2 ¼
qT

10
; A1 ¼ A2; A0 ¼ q� 14A2;

B2 ¼ q=24; B1 ¼ 8B2;

C2 ¼ �
q
24
; C1 ¼ 2C2; C0 ¼ �

2q
3
;

D2 ¼
q
16
; D1 ¼ 8D2

E2ab ¼ �
1

16
Pab �

rcc

3
dab

� �
; E1ab ¼ 8E2ab

P2 ¼
1

24
; P1 ¼ 8P2: ð20Þ

The active contributions simply alter the constraints on the second
moment of the fi’s since Pab ¼ Ppassive

ab þPactive
ab :

Clearly the stress tensor Pab is a function of Qab and, in the hybrid
approach, the coefficients E2ab and E1ab of the f eq;

i s are computed by
using the solution (via finite difference methods) of the coupled
Eq. (5). This differs from the fully LB treatment of nematics; see
Refs. [22,23].

RESULTS

All the results we present in this work refer to an active LC in the
nematic phase that is confined between two plates at separation L
along the z direction (Fig. 2). From now on we will refer to the angle
between the director field and the positive y direction as the polariza-
tion angle, h, the convention being that h> 0 if the positive y axis can
be superimposed with the director field with an anti-clockwise rotation

FIGURE 2 Geometry used for the calculations described in the text. The
active gel is sandwiched between two infinite plates, parallel to the xy plane,
lying at z¼ 0 and z¼L. We consider homogeneous parallel anchoring. This
geometry is known as the Freedericksz cell in passive liquid crystal device.
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of an angle jhj (which is defined to be smaller than p), around the x
axis. For simplicity we restrict ourselves to homogeneous anchoring
where the polarization at the boundaries is parallel to the y-direction,
h¼ 0 (Fig. 2) (This geometry is known as the Freedericksz cell in
passive liquid crystal device terminology, [17]). In what follows we will
mainly report parameter values in simulation units. These can be
straightforwardly related to physical units by noting that one space
and time simulation unit correspond to 0.05 mm and 0.67 ms respect-
ively, if we choose the values of the rotational viscosity c1 [17] and of
the elastic constant K to be 1 Poise and 5 pN respectively. For definite-
ness we now fix sf ¼ 2:5; A0 ¼ 0:1; K ¼ 0:04; C � 0:34; c ¼ 3 and
n¼ 0.7. Fixing n to a value bigger than 0.6 corresponds to consider flow
aligning material. Unless otherwise stated, the only parameters that
will vary in the simulations are then L, k and f.

Comparison of Hybrid with Conventional LB Codes

In Figure 3 we show the time evolution of the director and velocity at
z¼L=4 (in the geometry of Fig. 2) and in the mid-plane respectively,
computed via the hybrid algorithm and via a full LB algorithm (as
described in Refs. [22,23] for passive nematics and in [13] for the active
case). The agreement proves the validity of our hybrid approach. Note
that two full LB algorithms are benchmarked against the hybrid code.
In one case the double gradient term is entered as a constraint in the

FIGURE 3 Time evolution of Qyy at z¼L=4 (a) and of uy in the mid-plane (b),
as predicted by our hybrid LB treatment (solid black lines), and by two types of
full LB treatment (dashed red lines, with the double gradient terms entered in
the first moment constraint, to avoid spurious velocities at equilibrium; and
dot-dashed blue lines, with the double gradient term entered in the second
moment constraint).
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second moment, in the other its derivative is entered as a body force
(see Eq. (19)). Note that the latter procedure guarantees that no
spurious velocities are found in steady state, see e.g., Ref. [24]. It
can be seen that the LB treatment with the double gradient terms
entered in the second moment constraint leads to a small deviation
at intermediate times. This is a discretisation error that is known to
occur, for this method, in 2D giving rise to small spurious velocities
even in the steady state [24].

Spontaneous Flow in a Quasi 1D System

We first consider a quasi-1D system in which translational invariance
along x and y is assumed for the geometry of Figure 2.

Figure 4 shows the behaviour in the (k, f) plane for three different
system sizes L¼ 50, L¼ 100 and L¼ 200. We confirm the presence of a
transition between a passive and an active phase, predicted analyti-
cally in Refs. [1,2]. In the passive phase, which occurs for small system
sizes or for small values of the activity f, there is no flow and the polar-
isation field is homogeneous. The active phase is characterized instead

FIGURE 4 Boundary corresponding to the onset of spontaneous flow in the
(k, f) plane for an active liquid crystal, for three different system sizes
(L¼ 50,100,200). Parameters are n¼ 0.7, c¼ 3 corresponding to a flow aligning
nematic. Notice that by rescaling f to fL2 all the data collapse into a single
curve.
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by the presence of a spontaneous flow along x which is initially
approximately sinusoidal with a half wavelength between the channel
walls. If one multiplies the critical values fc by L2 the data collapse
into a single curve, confirming the scaling relation of Eq. (10). This
also suggests that the system can reach an active state either by
increasing the activity parameter or by increasing the distance
between the confining plates making the boundary effects less effec-
tive. The steady states solutions in the active phase can be explored
by looking at the flow field and director orientation profiles displayed
by the system at sufficiently late times (see Fig. 5).

By means of a stability analysis, valid very close to the phase
boundary, an analytic expression for uy(z) was found in [2]. This pre-
dicts a sinusoidal modulation with a node at the centre of the channel.
While our numerics shows this solution to be metastable for a long
time close to the threshold, the eventual steady state we find is a
quasi-Poiseuille flow with a maximum at the centre of the channel
(Fig. 5a) whose value increases as we go deep into the active phase
(i.e., as f increases). Hence, with homogeneous boundary conditions
and translational invariance along the flow direction the active gel dis-
plays a spontaneous net mass flux, in contrast with the balancing
fluxes of forward and backward fluid in the two halves of the cell, pre-
dicted in [2]. The direction of the mass flux is chosen by spontaneous
symmetry breaking or, in practice, small deviations from symmetry
between y and �y in the initial condition. Note that for a fixed initial
condition as selected above, the flow direction can also switch on

FIGURE 5 Velocity (left) and polarization (right) fields in steady state for an
active liquid crystal slab with homogeneous anchoring at the boundaries,
k¼ �0.002 and f equal to 0.003 (solid line), 0.005 (long-dashed line), and
0.006 (dotted line), respectively. Other parameters are as specified in the text.
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variation in f: to ease comparisons, some such switches are silently
reversed in Figure 5. It is important to stress that the phase diagram
in Figure 4 and the spontaneous flow profiles of Figure 5 have been
obtained for flow aligning (n> 0.6) extensile (f> 0) systems. For flow
aligning (n> 0.6) contractile (f< 0) systems the quasi-1D geometry
does not allow the onset of a spontaneous flow. In order to observe a
spontaneous flow for contractile rods in a quasi-1D geometry flow tum-
bling materials have to be considered [18].

Spontaneous Flow in Two Dimensions

Thus far, all simulations reported here were performed in a quasi-1D
geometry, where translational invariance is assumed along x and y.
The same simplification is often employed in numerical studies of
passive liquid crystals (see many examples in Ref. [17]); moreoever,
as shown above they allowed us to check detailed analytical predic-
tions (calculated at director-field or Ericksen-Leslie level) made in
exactly this geometry [2]. It is clearly important and interesting to
consider whether there are additional spontaneous flow instabilities
in a higher dimensionality. With periodic boundary conditions such
instabilities must spontaneously break the translational invariance
in x and y. The setup is still the one sketched in Figure 2 with
Lz¼ 100, Ly¼ 100 and Lx¼ 0. Translational invariance along x is main-
tained but periodic boundary conditions are used to allow breakdown
of this along the flow direction, y. We considered initial conditions with
the director field along the y direction except for points along the mid-
plane z¼L=2, in which there was an alternating tilt of �10� in stripes
(the width of the initial stripes did not affect the steady state reached
at the end of the simulations).

Active Extensile
Some results for the active extensile case in 2 dimensions were
reported in Ref. [18] (see e.g., Fig. 16 of Ref. [18] – another example,
with different f and A0, is shown in Fig. 6). For low values of the
activity, spontaneous flow appears as a pair of convection rolls which
lead to a splay-bend in-plane deformation of the director field profile.
The order parameter is to a good approximation constant (q’ 0.5)
throughout the sample. The threshold at which the spontaneous flow
occurs is smaller than the one found in the quasi-1D simulation. This
is due to the fact that along y effectively homeotropic anchoring con-
ditions are seen, and the active phase is entered for a smaller value
of f in this geometry. Note that, since at onset of the convection rolls
there are exactly two of these in the periodic cell, the details of the
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transition and the steady states in the active phase may now depend
sensitively on the aspect ratio of the cell.

As the system goes deeper into the active phase, the number of
convection rolls is, at early times in the simulations, larger [18]. These
convection rolls then split up, and the flow field acquires an out-
of-plane component (i.e., there is flow along the x direction). After this
happens, a number of vortices form which lead to a complicated flow
accompanied by the formation of defects (of topological strength
�1=2) in the director field profile.

FIGURE 7 Maps of velocity field (a) and director field (b) in steady state for
an active contractile aligning liquid crystal (f¼ �0.001), simulated on a
two-dimensional L¼ 100�L¼ 100 grid.

FIGURE 6 Maps of velocity field (a) and director field (b) in steady state for
an active extensile aligning liquid crystal (f¼ 0.002 and A0¼ 1), simulated on a
two-dimensional L¼ 100�L¼ 100 grid.
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Active Contractile
Figure 7 shows the late time flow and director fields for a contractile
(f¼ �0.001) flow aligning system. Unlike the quasi-1D system with
homogeneous anchoring the 2D contractile flow aligning material
displays a spontaneous flow. As for the extensile case this flow is
organized in terms of convective, although much more distorted,
rolls. Also the director field at steady state is more structured than
in the extensile system but the splay bend in-plane deformations are
still present.

CONCLUSIONS AND DISCUSSIONS

In conclusions, we have presented an hybrid lattice Boltzmann algor-
ithm to investigate numerically the hydrodynamic properties of an
active (flow-aligning) liquid crystalline fluid. In the equations we use
the orientational degrees of freedom are characterised by a tensorial
order parameter. This renders the algorithm general enough to deal
– in principle – with non-homogeneous, flow-induced or paranematic
ordering, as well as with topological defects.

We have first considered a quasi-1D geometry where the system is
confined into a slab of width L and the director field is constrained to
lie along a common direction along both confining plates. With this
setting we show that our algorithm gives a non-equilibrium transition
from a passive to an active phase, and that this occurs with an activity
threshold that scales as L�2. We have then considered how the director
and flow fields in steady state evolve upon increasing the parameter f,
which is a measure of the liquid crystal ‘activity’.

Finally, we performed two-dimensional simulations, with periodic
boundary conditions along the y direction and planar anchoring
along that direction on both confining plates. Because of the
additional instabilities that are present in a quasi-2D geometry
the transition to a spontaneous flow is richer than the one we found
for the quasi-1D case and it occurs for contractile flow aligning
materials as well. Moreover, deep into the active phase, where
non linear effects become important, a spontaneous flow also along
the x direction (out of the plane spontaneous flow) is observed in
this geometry.

Our algorithm is quite flexible and can be generalized in several
ways. For instance, an additional order parameter equation, describ-
ing the time evolution of a polar vector field, can be considered with
little more effort. This would allow a full 2D study of polar active
nematics [5] with a variable degree of ordering. The algorithm can
be either straightforwardly applied to 3D problems or used to explore
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the rheological properties of active gels either deep in the nematic
phase or close to the isotropic-nematic transition point.
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